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THE MOLECULAR-KINETIC BASIS OF HYDRODYNAMIC EQUATIONS

A. 8. Predvoditelev, Corresponding
Member of the Academy of Sciences
USSR

Derivation of hydrodynemic equations (taking into account
internal friction and thermal conductivity equations) from the
standpoint of the hypothesis of elastic intercollision of mole-
cules is e most arduous task, The hypothesis of mutual interaction
of molecules at a distence permits a relatively easy solution of
the problem, especially on assuming that the force of molecular
interaction is repelling and inversely proportional to the fifth
power of the distance bhetween interacting molecules, Such a law
may be conveniently adopted also because many data of the molecular
kinetic theory, derived on the basis of this hypothesis, tally
satisfactorily with experimental results. There can be some doubt
relative to the accuracy of some numerical coefficients, but none
as to that of the analytical correlations. Subsequently, after
Maxwell had utilized the above-cited law of interaction in solving
a number of problems pertaining to the molecular kinetic theory,
langevin confirmed the calculations on the basis of any law of
interacticn force between the molecules. Maxwell's hypothesis

relative to the interaction of molecules on their coming together

was not fortuitous for two ressons: first, Maxwell was aware that
the laws of elastic collisions can be approximated with a sufficient
degree of correctness by the l;w of repulsion between molecules

having come together; in this respect it is but necessary to select

a corresponding rate of force attenuation with distance. Exact
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concordance of calculations, which then cease to be approximate,

tekes place only when alteretion of force with distance, corresponds
not to the fifth power but to a power equal to OQ . Experiments
have shown however that the fifth power sufficiently approximates

the results of those obtained on the basis of the elastic spheres.

The second consideration,which precludes the assumption that
Maxwellls hypothesis is a fortuitous one, ig inherent in the modern
concepts of the nature of molecular forces. At Dpresent we must
divide the zone of molecular interaction into two regionss (1) the
region in which repulsing forces are ecting, and (2) the region
in which the scting forces are those of attrecticn. The latter are
mede epparent only when an association of molecules or & chemical

process obtalnss

Consequently if the condition of the system is such that
neither an association of molecules nor & chemical process takes
place therein, in effecting molecular kinetic calculations of
phenomena which occur in the system,the use of Maxwell's concepts

is permissible.

I. SOME AUXILIARY FORMULAS

1. let us consider a medium of identical molecules located
—
in & field of any forces whatever. let Wy be the vector of velocity

of any one molecule. let us resolve this vector into two: one
o] rder| Y4 ’
characterizing the harmonious motion of the molecules, end the other
Ci\ ) e € \ﬁ
their disharmonious moticns

Thus, we have
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(2)

i
Both vectors Wi and uj we will consider as deperdent on

i coordinates (xl, X0, x5) and the time t.

2, Let,at the point (x1, xo, x3) of our medium at the

moment t, the unit of volume contain@ molecules having the velocity

—
Wi, in = number equal to

dﬂftff/yzxz;%kz; 1!4)4% -y A

Ky Te,

any,

Lg

let at another point, a2t a distance from the first equal

to the zone of molecular interaction, the number of molecules having

—>
the wvelocity Wo, be equal tos

M/a:’[/‘%w%z S )ang, A d U

2 s 2y, Zg, vy : -

” ; S
4 < 3 5

The molecules of the First of these two groups have a

velocity relative to those of the second group, which is given by
{
4

the equations

Z__ _ 2 ) z
(@ “[%Kz %K) +/szt ”z/%z) +(%ﬁa %‘z’)
v o e ot SR

involving the molecules of these
groups, which occur within the unit of volume, over-.the length of

time dt, will be equal to:

Dbt ay at a4, £Z4

Here we use b to denote +the distence of the first molecule

: L from the direction line of relative velocity; 90 denotes the
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two-plane angle formed by the plane passing through the line
connecting the converged molecules and the vector of relative
velocity, with the plane passing through axis x} and the
vector of relative velocity. Thus the line of direction of the
reletive velocity will be the secant of the above indicated

planes (see figure).

%3, lLet us denote by Q the quantitative expression of
some quality transferred, for exemple, by the first molecule.

This quentity is a function of the components of velocity vector

—> : S
Wye ter convergence of molecules of the first and second kind,

quentity Q, generally speaking, will change and acquire a value
equal to Q'. As a result of all the convergencies of molecules
during the length of time dt within the unit of volume, quentity

Q will change to the extent:

(Q'—Q) Bbab ay x¢ alyaly. (2)

On integrating expression (2) with respect to QU from O to
2 77, with respect to b from O to OO , and with respect to
velocities from — OO to+ OO , We obtain the increase of the
sum of quentities Q for the unit of volume during the length of
time dt, which takés place as a result of convergency of molecules
of the first and second kind. However, integration of expression
(2) with respect to velocities can not be effected, since we do not
know the function f(W#l, Wy s wx5)’ but for our purpose it is
sufficient to effect this integration using mean values, that is by

utilizing the integral of the form
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oo o0

jj ?D/szl’%ﬂ.’%@’%h’%x ’%z)d%d% :Af%f—”— (3)

4. Under the influence of central forces the converged
molecules will move in such & mamner that one of them, for
example the second, can be considered as being a stationary center,

exercising & force the potential of which is equal tos

@—“ Ty 5

=, £1r).

If the polar axis direction is reversed relative to the
initial reletive velocity of molecule my, and the polar angle ?
considered positive on thet side of the polar axis where the
molecule m, wes located at the initial moment, then on the basis
of the law of conservation of kinetic forces and the law of
constant areas, we can write the following two equationss

dr z+/“zcz’gp2'/_ P Wy Mg
de*

From these two equations it follows that

dy _ 68

dr .
* z_ _, matMg 4__ z2mz 2
V B3~z T | 6B

wherefrom we have?!
00

& 5
F= 2 - (4)
2.___2 Mg+

m 4
X Wf—fﬁ) r=o2 %2

o
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Here r, is used to denote the minimum distance

two colliding molecules'd}é‘éonvérged;

within which

Expression (4) can be substantially simplified by teking :

into consideration the following conditions:

4 4
oFe b8

= EL, foy=rmmel, r=

2)

.

b
J

In this case we have

Yo

ay
2 47 4a)
]Z/z—y — 572¢ f—)
0

Ir

the expression (4a) can be written as follows

(J"a
4

The integral (4b) is most readily obtained when s = 4,

24

@::

/ -
T (45)

sectps=9
e,

In that instance it is reduced to an absolute elliptical integral

of the first kind. Values of angle @ ere needed for integration

with respect to b of expression (2). ‘

In accordance with the foregoing denotations we

batp = LExm
EY%

have:

ol doC

Now expression (2) can be written as followss
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(Q'—Q) 1z %m & an. dy dt a2 . (2a)

5. Problem A

Maxwell's law of molecular interaction requires determination
of the integral
277 o0
- ’
jdfﬁftfz;emocm(h/ D
P 1)61 .zg .
0 4

Solution:

. |
Consider the egquatien. €W 1 "C-Lj

’ 4 i
. my W e, " 7 w \

é%{ - AU, #; V¥l /7%/, _")y/ ).

g, My +om, Zx, Zy
2

WK

oj#wcwnevauPﬁ
In view of the law of impulse conservation, we have

Pzo) ﬂ/ + 7 M/ —_ 7 .
1 ey “ 2¢, 2 //J/f/i‘j i M;&& ?
Z

in addition, the following equation holds:
2}/ 2}
—

let us denote by A the angle formed by vector ;Z}/ with

axis xj; we have then

Y /
VV“‘; ~Wz¢1=’f2} cos A .
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In all of the above written expressions the index (') relates

to quantities which characterize the condition of the molecules after

their convergence.

Teking into consideration all of the foregoing, we have the

following expression

/ 7%1
W —_ b Py
2y, " gy 2}@54)

cos 4 = — cos 26 cosa, — sin 28 sin %, cos W,

Here OCa is used to denote the angle formed by the

vector of relative velocity with the x, axis.
On combining expressions (5) and (5a) we haves

W, = g,

“y L, M+,

2 (M(Z %‘2“//’4“1) Cos 2 —

UGB EALE O

X3

On trensformation, by meens of equation (6), of the
expression within the integration sign of the proposed problem,

we have the following result
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277 oo

[ ) g oot (W 22 )=/ 202 iy )

0 > 7 2

z z 2
e AL e R A A I S I T C,

Here I;(s) and I,(s) are used to denote the following

integrals

o0
oo
];,/S'): 47;—}& dow cos’8, 7205 :_.—ﬂ'fac de 58,
0
o

6. Problem B

In connection with the same interaction, determine the
integral
27 co
/ ’
FZKmfd%fqa/oc(/’V w,' —w, w,
0 ho Az ¥, ng by 4

541_ Kz)'

Solution
By means of considerations analogous to those presented

in the foregoing problem, the following equation can be established

WW +7n

W W 2+ {2//4/21 Mz):os'zﬁ*“

— V/le—//%%z_) Z+(M/zz5__ M/sz)z Sin 28 cos (;ﬁ —gz )} . (8)

Here 4&}2 is used to denote the two-plane angle formed

i . by the planes passing through the line of relative velocity on

Puarpre—
et

\ %
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convergence of the molecules and through axes X3 and Xp.

We transform by means of equations (6) and (8) the
expression within the sign of integration of the proposed

problem. As a result we have

%’41 lzz—%zz)}'

Expressions (7) and (9) will be subsequently of determinant

significance.

II. CONDITIONS OF TRANSITION TO CONTINUUM

l. In the derivation of equations of motion of a viscous
fluid Mexwell utilized on the one hand equations of transfer, and
on the other, equations (7) and (9), averaged for all molecules
contained in%he unit of volume., In so doing he considered the
transfer velocities of two colliding molecules as being equal,
This means that his continuum, which is in motion, has a filamentous
structure, that is, the minimum dimensions of the stria correspond
to the mean distaﬁce between the molecules. Such a structure of the

flow can not always be mainteined. At sufficiently high velocities

such a motion of the continuum may be disrupted at the wall or on

[T U -
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formation of vortexes. This hypothesis also becomes doubtful
in those instances when the dimensions of the flow are of the
same order of the mean distance between molecules, which takes

place in the motion of rarefied gases,

Therefore transition from a kinetic molecular description
of motion of a medium to its continuous description presents
certain difficulties; without some more or less plausible
assumptlons such a transition is impossible. In lieu of the
hypothesis of Maxwell we propose the following conditions of

transition to continuum.

2. Let us consider an infinitely small volume, containing
50 many

T
molecules, thdy/mean values can be calculated

without a significant error, Let the components of the transfer

velocity of the mass center of this volume be equal to

In order that a molecule of the first kind may collide with
a molecule of the second kind within this volume, even when their
thermal velocities are equal in magnitude and direction, it is

necessary to meet conditions of the following forms
W, w,
22Ky < ”tz<%zz, 2 %2x2<%xz< %1;{1 ? %zz3< M/ﬁx5< M/zzzj '

Furthermore, let the harmonious motion be such that gradients
—
of transfer velocity W, undergo noticeable change along the free
path of the molecules. In such 8 case it is always possible to

select for molecules of the first and of the second kind, three
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such quantities hy, hos h5, the values of which will permit to

formulate equations of the following form

2,

Ml}’-[ :/A/ﬁpi +’61 BXZ

Sy

Waze,™ ,

Quantities hy, hp, h5, generally speaking, change on transition

from one pair of molecules to another.

Let us denote by X3, Xp» X3 the values of the edges of &
rectangular parallelepiped of infinitely small volume, and let us
agsume that mean values of the quantities hy, hp, h5 satisfy the

following condition
2,

The question arises, upon what may be dependent these ratios

of infinitely smell values?

let us denote bym, the mean transfer velocity along the
free path of the molecules; then, obviously, the above-given ratios
mist be some function of the difference (TN-O - Wy). In eddition this
argument must be non-dimensional. We shall express this difference

in units of sound velocity, that is, we select as the argument the
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quantity

-4

é C '

X

The ratios (11) must also be dependent on a definite
congruence between dimensions of flow and length of free path
of the molecules. As a criterion of this congruence let us select

the value

2
=7

Here D denotes the parameter characterizing dimensions of
flow, and L the length of free path of the molecules. Obviously
it is convenient to take as the ultimate argument of function

——~ the non-dimensional criterion

Re = =)D,
CcL

Thus we have

———‘—Zfﬂ?eo).

Xy

Determining the form of this function does not yet appear

to be possible. This problem must be solved experimentally.
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3, let us introduce into solution (7) the ratios (10);
in so doing let us limit ourselves to the first powers of the
quantities hi. Effecting thereafter the averaging for all

molecules of the first kind, we have

) VV;Z, = 7 .
T = 20, (5)(h, grac W )+ pel, @w-3a, 1.

Here q is used to denote the quentity '1/€;;: and /9 , the
m

density of the medium. The left hand portion of the equation so

obtained represents variation of quantity Wi as a result of inter-
. X1

collisions of molecules; it symbolically denotes the integral of

problem A,

In calculating this integrel, there are taken into considera-

tion the following obvious values of mean quantities

—2

2 -2 SR =2 -2
Ui,

= Z-Z 2 Z{ = Z{' 2 Zé = ZL =
2x, Iy, 2e, ¢, Z¢3) Z‘!xc. le,z‘- =0,

é?i%ixi == C?Zle{ =4,

let us assume for pressure D, within our medium, a quentity equal

to

_ Py, R, 52 P —z
p'—j (Zéh’(-ux "'2475):—':57"% .

[
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Teking into account this definition of the pressure and also

sh,
5¢

equation (1lla), we can write the above-derived expression of

as follows

o A
6’%’:@

9 N
T —*2/07[;fS)f/»Qeo)/)erad%/:)+j¢{ﬁ)(P_/022;;)’

(12)

-
Here X denotes the radius-vector having as its components

X1y X2 X3

4, let us introduce into equation (9) the ratios (10).
Then on maintaining the limitations set forth hereinbefore and on
averaging for all molecules of the first kind, we can write for the

integral of problem B the following expression

Sy W,

—Le 1ka

s = —Zlagzz-fs)j[/f?%)/)_/}f’rdd% W) —

v, 0
L Ky

_._37(02; (5) %y, Uy, (13)

Correlations (12) and (13) provide all that is necessary
to effect transition to a description of a discrete medium from

the standpoint of continuum properties.

ITI. EQUATIONS OF TRANSFER

1, Oonsider a system of physical points located in a

- 15 -
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continuous velocity field. Let these points be given their own

velocity of a disharmonious motion, superimposed upon the given

continuous velocity field. In such a case the velocity of a physical
point relative to a stetlonary system of coordinates can be expressed

as being

- — >
w W+ u

[e]

Velocity'ﬁt, as well as mean velocity of thermal motion,
generally speaking, is a function of coordinates and time. The
indicated continuous velocity field mey be represented as the
motion of a hypothetical continuous medium which carries along the
physical points which are in a state of disharmonious motion. This
picture is akin to the motion of a fluid in which Brownian particles

are distributeds . |

2, Bach gas molecule in motion transfers with it a certain
amount of mass, kinetic energy, mecheanic moment, etc. Let us
denote, as was done previously, the quantitative expression of any
of these properties by means of Q. This quantity, generally

speaking, is a function of time and a component of the total

velocity of the molecules. The amount Q expanded to all molecules
contained in the unit of volume, and averaged within that volume,

will be denoted by ﬁa.

§
i

The total alteration with the unit of time of the quantity

ﬁa, contained in the unit of volume, willlbe squal to

aNg (14a)
at

- 16 -
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A change of the quantity o) may take place also by the
action of external forces capable of altering the velocity of

the molecules.

Since N is not dependent upon velocities, change of )
per unit of time as a result of the action of external forces can

be written in the following form

-+ - 4
|2/, T sz 2,775 W 63 (1#5)

Wherein components of accelerations are replaced by

components of the external force.

—tyon
If K is used to denote the vector, the components of which

elong the coordinate axes are given by quantities of the form

g 20 20

7z 2 9
ol om, T o,

then the foregoing expression can be given as 'ihe sealar prai&t(f

(K, ). (1ke)

In addition to the indicated changes, there may be changes
of the quantity NQ as a result of the fact that the number of
molecules within the element of volume may undergo alteration =—-

molecules may enter into the element of volume and leave it.

Because of this, changes of the guantity NQ per unit of

\ \
Declassified in Part - Sanitized Copy Approved for Release 2012/05/10 : CIA-RDP82-00039R000100230029-5



Declassified - iti
ied in Part - Sanitized Copy Approved for Release 2012/05/10 : CIA-RDP82-00039R00010023002!
: : - 9-5

time may be written as follows

S — =
NG aiv W, + aiv QM. (14 )

Here the expressiocn div QN hes a purely symbolic meaning,
since it must be always remembered that before effecting this

operation, the following quantities must be worked out

ule.Ny nXQQN, UXBQN-

3, The sum total of all possible changes per unit of time

of the quantity NQ can be written as being

a’/VQ
‘f"/VQ dw W+ arw ZL/VQ /V '7"'/V(/{ F)

wherein the quantity

50
N &

denotes the change, pPer unit of time, of the gquantity Q on pair-

intercollisions.

-— -~
Let us assume in this equation Q = m, and denote B mN/ by
means of f? , the density of the medium. In such a case equation

(15) can be written &s followss

—£—+,0de =0 or %‘}+df'v,0%=0. (15 a)

Equations (15a) are_known a8 continuity equations. They
can be used to simplify equation (15). Indeed the value of

derivative

- 18 -
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dQn
dt
can be expressed.as follows
QQN :
dt Ti 'b !

“‘\ ‘M/.p ,LD “’C‘t«, :

On combining thus—equesidn with one of the equations (152), E

the differential equation (15) cen be transformed into the follow-

ing
/V*d—fdw PN = /\/ 7¢/\///< /:)
at “ (]55)
We
L, &Assum}ﬁg, in equation (15b), Q to be consecutively equal
to

m . "’7/&(W Zélz)’ m%jrm{%z*%zz), 771%3-77?2/%37‘2&3),

As a result we have, if it be assumed that collisions of

Lo4tal wigmentumn
molecules do not change the quantity of motion and if the product

mN is replaced by means of density f)_

2
d%x:* opuy + Efuzz Uy, 9,01,{;4, “zs E
(D dt ox, ox 7 2%, =F

gy 2%, |, i, | dprnyiin,

F dat ' 9)51 sz‘ 9%3 :/O/C:ZZ’ 66)
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p d;f,cs 4 dpey L Qpuy, Uz, " Opity,

3

Equations (16) are the initial correlations for a derivation

of equations of hydrodynamics of ideal and viscous fluid,

5. In the case where thermal motion of molecules is not

disrupted by the apparent motion of the medium, the following

equations hold
re 2

2
=2, =u 77
T, T, (27)

U, U, =U,, 2, — U, =

For such a motion of the medium the following assertion is
also true: pressure within the gas is equal in all directions,

normal to any surface therein, and is expressed as
p=L (wfrufrul)V=put =pu’—,u° . (17
3 /0 £, k" Chy ﬁ %y / X, f K )

In this instance equations (16) assume the following vectorial

—>

aw; >
pz—-%fraa’p::/g/:. (/74)

For a non-turbulent motion, that is, when the following

equation holds

i
cur/ W
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the equation (17) can be formuleted, as is known, in the following

" form
i ; —_—>
’ PYZA

2
2 -+ p Frad 2
[ o

—
# Srad == F (./7('
P ¢ Z graa p £ )
Equations (17b) and (17c) are known ones; they are Elfler's :
E equations for an ideal fluid. From the given derivation of these
equations it is fully apparent what must be understood as being

an ideal fluid and when these equations can bes utilized for the

solution of ideal problems.

IV. CALOULATION OF FUNOTIONS(;uXZ , P"G? , FTA?
1 2

1. let us substitute in equation (15b) in lieu of Q the

quantity WX]_; then in view of the fact that

::M/ P :Z
LMo,
4

L . : we have,

AWy T
/[/71 + CZ'IV/VZCZ(KI ——/V/C/';I .

v Of such equations we shall have three corresponding to the |
‘ v
components of velocity W,. From these equations we cen derive one

of the following form

} -2l -
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— _— —

A 0@ — 2Q
N7, 2% ) 4 v Naa +
4t 2 }e;xz B2 72 /%ZLA

+
dzk//l/zzzzl 7

29 = .
+_9%)43 a’u//VZéZ[LB :/1/(,() F). (18)

Let us introduce into equations (15b) and (18) in lieu of

Q the quantity mW%x and subtract the second from the first; we
1

have then

5W12x1 ‘{Z/:i A 9/92251)+ 9(””51 Z/&z)

3

/F ufz u“‘a)

e 22

2 2%%4’ 2% }/4/
7L— 1 (3 —

In this equation the members

are very small quentitles -- of the same order as ﬁ;{ﬁk2, Uxq == Uxp
and so forth; the member sppearing in the left hand portion of this
equation cennot be considered as being very small, since it is also
equel to the right hand portion of equation (12) which consists of

products composed of factors having small and large values. The
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quantity g must be considered as a factor having a large value.
This follows from a comparison of the expression for the

coefficient of internal friction, ensuing from Maxwell's theory

with the number obtained on experimental determination of this

coefficient.

Talting into account all that has been stated herein, we can

obtain, on comparison of equations (12) and (19), the following

expression

W, 2 v
e TR, T LORRN, gy )+

—R
390, (3) [ p—p 7% ] (20
7ﬁ2 p /0 £y _ )
z
2. Before evolving from equeti 20) the lue U
olving from equation (20) valu /9 ¥, 2
we will trensform this equation into a different, more convenient
form, From determinetion of pressure Py, it follows that
—. _
6i}9 _— s ‘i/Q + e du z
dt 3 4t TFLa

Connecting therewith the continuity equation, we have

dp P dut dup
2 TP = e (2

Substituting these correlations into equation (20) we have

il # a’/l/—/ﬁ’-lz 2t Moss _ 205 > ‘)7
b T Ty T T BT OFRNT, ety )
1

e hOlrpa,
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From this the following approximete velue for the quantity

— 2
U can be obtained
P *xy

7 Pj-‘l/j)f('?:o) 2 PIREL 7 — 1
U, =p— i %1, L o
pro,=Pp 7, () /X}fmd%ﬂﬁ 3/7—7(5)L9K1 + VIZA
I R . &
%75(':) dt

If the flow of fluid is fully adiabatic, ther the following

(224)

equation holds for such & case

dlog p d/ajf_ dlof e
oy s = e 7‘-;/5&/?//-—&,

By means of this equation we can formulate the correlation

(22b) as follows

L,G)f(Re,) Vi W,
4& — _ﬁ_____.__,.._.__ 7 e V-1, -
(0 #1 p /) (-A/)f /(2,) 3/07]“(/9) 9/{ 2 ary ﬂa/

(23)

V. CALCULATION OF FUNCTIONS: 0 HxyUxp» p ey P'uxgu;{5

1. Let us introduce into the transfer equation (15b) in
place of Q a quantity equal to w1x1wlx2, and by means of equation

(15) let us eliminate from it the externel force; then we have

. J%"f Mé“‘z _ day, Ui, }49 ZL)Z%ZL“J {_%M%z 2{"22(“3)— 7L_
S dat dt L4

Declassified in Part - Sanitized Copy Approved for Release 2012/05/10 : CIA-RDP82-00039R000100230029-5



Declassified in Part - Sanitized Copy Approved for Release 2012/05/10 : CIA-RDP82-00039R000100230029-5

PR

7 2 (24 a’zf o dﬂz
tp| w2 A, B, Yt ey A

L - 4 3

M, oY '
/ X 54 Xz ; -
24%1 K, ﬁaxi ag‘z Zétz :BACZ [2246)

The expression so obtained, as well as the expression (19),

admits simplifications; we can write

‘g/é2¢1 ff?zz — %Z P 'jg/ﬁézi ~ iz 2 :;éfzxi‘j
f? EY4 f? £y :akil £y :a>iz

or, approximately,

L 5%1@/‘4& ?ﬁ'/d,v. ,2[4//0;43_1 -
‘ ' —_—3 Tt = Pt s ‘ 74 g
51 Pl 20, 7 oxs (292)

- ’ ‘ Gomparing equations (19) and (24a) we have

;9/&9L{ iB/ké&Z Z -—>
Pl o, T o |T 1LEOF R, gt Mo, W, ) —

zZ —
—— S ]
3F ?_Z;/)Zc%j 2y,
b { wherefrom we have

2oLC)f (R,) H, W, .M
= -._.fz,f_.._.._i_l (cgf;jﬁnﬂﬁi /?Zgi /z;; P 2 Ty, ) (7% |

U —_——
(O%y" *a 3_,_7‘; /5) 5{9{/2(5) oK, vy,

' (25)
The correlations for quantities e Uy, and UX2 and Fl&g UX5 é

can be written in sn analogous menner,
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Thus equations (23) and (25) complete the solution of the
proposed problem. To obtain the hydrodynamics equation it is

necessary merely to inmsert these correlations into equation (6).

VI. PARTICULARIZATION OF HYDRODYNAMICS

EQUATION

1. Let we transform the first equation of the equation

system (6) by mesns of correlations of the type of (23) and (25).

As a result we have

d//f/du - Zj; /S‘)I(ﬁ?ca) f@%i _f_?M/om M/d/éz _/_g%/tl %Ica .
At 3L 6) | O ELe 2

g _12P 7 -7 3 .
Fa=g o * oA 5 a0 e

{

.

Here 37 denotes the quantity
y = P
55’/0];(5)
The expression within the brackets of the equation thus

obtained we can formulate as follows

ol Mgy M QLU “
oWy, " Oty"0k, e Ortor"ox5 — L o + W aw %7 +
(sz ’zﬂz fax‘g Z 2)(‘1 0)5'1 e

-+ Z(/V@ng “Wozzwg).

- 26 =
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— ;
Here LU denotes curl W,.

Upon diemamis.
Pon discarding the index (0) and writs
% (0) and Writing the above geps
: erived

. » . .
quation in vectorial form we have

dW 27 B A %)
2 \3_;;/5) jfmat//z/ *Wa’/V/V-/-Z[ﬂ W
J

—
——

\/[7 =<
/Odrafépf_zdh/ {2-7/)7 .
\-—frqa’ czQVW ég)

on the other hangd we have
—~
—
,;M/: Pl Z
at T o Tz gRAN 12T 7
therefore equation (26)
oW
57 7‘— /7 —45) w e
/ff’rad’ —/3 M/wﬂ/+zﬁ/)[ /T/’]—

can also be written gg follows

—-_/FF
\frda’/z;%_z_d Y KZ"?’/
P - f?‘d&/dl(/W /gé)

I thix q 107 is 3 s
used to denote the g an-t]-ty
(g

27,6
—--i...)._’ff%)
IZ, (5)

™ < s
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2. Equation (262) is of a more general nature than the

equation of Navier-Stokes, which Mexwell strived to substantiate
from the stendpoint of the molecular kinetic theory. Indeed,
3 :
if it is assumed that ﬂ _—:0 and ?J_—-:_—- , which corresponds
3
4o & monoatomic gas, then equation (26a) is transformed exactly
into the Navier-Stokes equation. But as we have seen, quantity
ﬁ can become zero only in the case of the transfer velocities

of colliding molecules being equal, which does not always obtain.

In the course of his computations, striving to take into
eccount quantities of the first order only, Mexwell did not notice
thet his limitations contained in a concealed form adiabatic

equations of & monoatomic gas; hence in lieu of the value (2 - y)

he obtained a value equal to 1/3.

let ue consider an interesting result of equation (262).
let the external forcee have no effect upon the medium, and let
thet

ts flow be such wo con disregard in equation (26a) the

e

viscosity members and members making allowance for compressibility.

We will consider the motion as being potential and steady. In

this case the following simple equation is derived.

7-4 2 ; :

wherefrom we have

i—z_ész—— ——%2-7#:0/75{. " !

If 4he motion follows the adiabatic law, this equation cen

be transformed to give

- 28 -

b
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-7 2:_;4& =T y~1
7 W /},_]) p /g

Where A is used to denote the adiabatic constant.

Resolving this equation for F s we have

ﬂ’— )/ z) “?

From the thus obtained equation it is apparent that
two flows exist which differ sharply from one another: (1)
when ﬂ< A » formula (27) shows that with increasing velocity
the density of the medium decreases; these are flows of Eiller;

(2) when ﬂ>1 » it follows from formula (27) that with

increasing velocity the density increases,

4. In the theory of gaseous currents of S. A. Chaplygin :
a two-dimensional problem was studied. For a constent condition
in this case the continuity equation is
'B/PMJ+ QW) _
2%, oz,

! If the flow is potential, then the above equation indicates

v i the existence of a function 50 determined by correlations

‘ | F oy P
. Wy =i wna Ly D0 |
. e - |
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Denoting by ? the potential of velocities and bearing in

mind equation (27), the above-given correlations can be presented

in the following form

2

¢ _[,_ AW e ¢ [, w2
ox, Ko o, 9% K Oz

1f in accordence with S. A. Chaplygin we denote vy T the

2
ratio i the equations so obtained cen be written as follows

bedli |

¢, s oY [ s dg
S =[1-1—p)7] 5 @Z"F 1P| 5, (2

When ﬂ<f , equations (28) are reduced exactly to those

4, Cheplygin. When 15>'z , the equations of S. A.

- . Indeed

studied by S.

I
iap1ie

Cheplygin acquire the opposite sign in the var

5

we have
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Transforming these equations can be done according to the

procedure proposed by S. A. Chaplygin, that is, by selecting as
independent variables Z} and C? -— the angle formed by flow

velocity with exis xj.

In this instance equations (28a) are converted into

equations of the following form

1-(7+25)7;

Equations (28b) are converted to the form

-s %y
28%

27.(107,) 2%, z+/zm"s)z;/
27 | 2z, (7*7)

+2;) =0. (294)

Thus the entire theory of gaseous streams for all velocities
must be encompessed by an analysis of equations (292) and (29b).
However, even without solving these equations some conclusions can
be reached relative to the behavior of gaseous streams on the flow
of gas through a slit, on the basis of physical considerations,

Discharge of gas through the slit will increase with increasing

pressure of gas egress. The megnitude of this discharge will

follow laws which ensue from the integral of equation (29a).

The presented concept raised the question of revising
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some of the postulates of high velocity gas dynamics.
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